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ABSTRACT
A‘ A DIFFERENTIAL FOR L-STATISTICS
vl

Let X, <X, < ... £ X _ be an ordered sample from a distribution F and
1n 2n nn

o n
¢, 2 sequence of constants. Statistics of the form ). X. are called

c. X,
i=1"in in
"linear functions of order statistics,” '"L-estimators,'' or simply 'L-statistics."

Various methods of generating the constants Cin have been considered, including

3 = = . ifn
C. =r1lJ(i/n+l)or n:;J(I/n)andc =f J(u)du for fixed ''score' functions
in tn’ .
(2-1)/n
J. L-statistics of the form T = }" .¢. X. can be obtained from the
n i=l"in"in

functional T(F) = IF'I(t)J(t)dt by substitution of the sample d.f. Fn for F.
Under the mild assumption that J is bounded and continuous a.e. Lebesgue and
a.e. F-1 and under a tail restriction on F of the form fq(F(x))dx < @

(e.g., q(t) = [t(l-t)]é-d, 0 <8 <%), it is shown that T(-) has a Frechet-

type differential. The tail restriction may be dropped if J trims the extremes.
In either case it follows that if {Xi} is a sequence of independent observations
on F, then /EIT(Fn)-T(F)) is asymptotically normal and obeys a law of the
iterated logarithm. Continuity of T holds under milder conditions on J and

F. This leads to strong consistency, T(Fn) LS T(F). MNo continuity restric-
tions are imposed on F, so that the results are apvolicable to a wide class of
distributions of interest in robust estimation. Illustration is provided by
examples including the trimmed mean, the smoothly trimmed mean, and approxi-
mations to the interquartile range. The asymptotic normality result is competi-
tive with one of Stigler (1974) for the closely related statistic

S = 'Zn c. X. , obtained under stronger conditions on J but a slightly

n i=17in"in
milder condition on F. 'However, in addition to asymptotic normality of T(Fn)’
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| the differential approach of the present paper yields characterization of
the almost sure behavior of T(Fn) and lends itself to straightforward extension

to the case of dependent variables. |
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1. INTRODUCTION

Let xln < x2n S e S xnn be an ordered sample from a distribution F and

c. a sequence of constants. Statistics of the form Z?’lciﬂ are called

X,
in in

"linear functions of order statistics' (e.g., Shorack (1972), Stigler (1974)),

"L-estimators' (Huber (1972)), or simply ‘'L-.statistics". Various methods of

generating the constants in have been considered, including Ein = n'lJ(i/n)
=1 . S o ghin ; p ;

or n""J(i/n+1) and ¢, f(i_l)/nJ(u)du for fixed "score'" functions J. By

choosing the Cin (or J) properly, the L-estimator can be made insensitive to

outliers or '"robust' with regard to long-tailed distributions. Thus L-estimators

have played an important role in the development of the modern theory of robust
estimation. Since their exact sampling distributions are difficult to compute
even under strict model assumptions, much work has focused upon the question
of asymptotic normality. There appear to be four main approaches: (1) Weak
convergence in connection with the empirical process, Bickel (1967), Shorack
(1969, 1972); (2) Hajek's projection method, Stigler (1969, 1°74); (3)

approximation of the L-estimator by sums of independent exponential r.v.'s,

Chernoff, Gastwirth, and Johns (1967); (4) Frechet differentials, Gregory (1976).

The present paper treats L-statistics of the form Tn and

n -~
= diat®snin
uses a differential method similar to Gregory's, but the restrictions on the

-

Sin and the underlying d.f. F are similar in spirit to Stigler (1974) who
Bl ; .en = - g
treats the closely related statistic sn ™ islcinxin‘ Further, in addition

to asymptotic normality, the main theorems of Sections 4 and 5 yield strong

consistency and a law of the iterated logarithm (LIL). !More general versions

of these last two results have been given recently by Wellner (1977a), (1977b).
The L-statistics we consider may be represented in terms of a functional

defined on the space of d.f.'s. The basic functional of interest is given by
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a.1) T(F) = [ Fleyake) ,
0

where F'l(t) = inf{x: F(x) 2 t} and K(t) is a right continuous function of
bounded variation on [0,1]. In this paper we restrict K(t) to be absolutely

t
continuous by putting K(t) = f J(u)du, for J integrable on [0,1]. Then (1.1)
0

becomes

1.2) T(F) = J’lp‘l(t).)(t)dt .

0-
(Note that finite linear combinations of quantiles are thus excluded. However,
in Example (iii) of Section 4 we show how to approximate such combinations by
appropriate choices of J.) For the case that K(t) is a d.f. symmetric about
%, Bickel and Lehmann (19765 I and II) discuss the value of (1.1) as a measure
of location. We are allowing K(t) to represent a signed measure in order to

include a large class of scale functionals as well.

The sample d.f. Fn generated by a sample Xl, S Xn is defined by
F (x) = = 'f
(x) = = I(X, < x) .
n niep 1

For estimation purposes we set Tn = T(Fn) by substitution of Fn for F in (1.1).

This statistic can be put in a more familiar form by noting that
1.-1
[TFTR(0)IK(t) = [TxdK(F(x))
0 -0

for any d.f. in the domain of T(°) (the change of variable is justified by

Lemma 12, Section 3). Then substitution of Fn for F in this last expression

yields

o F_(x) n
(1.3)  T(F) = [ xdK(F_(x)) = [ x d[’t{ = J(u)d\J = X, f’fJ(u)du,

=1 1" i1
n

i.e., T(Fn) = Tn'
-4-




In Sections 2 and 3 some preliminaries are developed. Section 2 provides
the definitionsof the differential and of continuity, the basic tools to be

utilized in the sequel, and important convergence results for Fn - F. of

interest here are recent results by O'Reilly (1974), James (1975), and Wellner
(1977a) for weighted empirical processes. Statistical application is provided

by Theorem 1 (strong consistency), Theorem 2 (asymptotic normality), and

Theorem 3 (LIL). Section 3 provides a useful representation for the difference {i
b ; T(F) - T(G) and a related inequality. i
k. g
¥ In Sections 4 and 5 we will prove that under suitable restrictions on i
t !

J, F, and the sequence {Xi}’ we have

1.4) lim T(F ) = T(F) w.p.} ;
N>
(1.5) /E(T(Fn) - T(F)) L, N(O, 02) as n+ » ;
(1.6) 1 EED - TN oy uly,
N

V20° log log n

Continuity of T leads to (1.4), and the existence of a differential for
T leads to (1.5) and (1.6). For proving continuity we assume that J is
bounded and integrable on [0,1]. For proving the existence of a differential
we assume that J is bounded and continuous a.e. Lebesque and a.e. F'l. In
Section 4 we further restrict J to be 0 in some neighborhoods of 0 and 1,
making T robust in the Hampel (1971) sense. Theorem 4 provides the existence

of a differential in this casc w.r.t. the sup-norm ||<||_. A corollary

yields (1.5) and (1.6) for I.I.D. r.v.'s by appeal to Theorems 2 and 3.

NV N

Theorem 5 yields continuity of T .wix.t. [|+]|_and (1.4). In Section §

we trade the trimming condition on J for a tail restriction on F of the form

-
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fq(F(x))dx < » (e.g., q(t) = (t(l-t))é's, 0 <6 < %J. Theorem 6 then provides
the existence of a differential w.r.t. the q-norm II'I'q(F)’ essentially
defined by H-Hq(F) = ||(*)/q(F)||_ . Corollaries 1 and 2 then yield (1.5)
and (1.6) in the I.1.D. case for different classes of q functions (tail
restrictions). Continuity and (1.4) are provided by Theorem 7.

Section 6 generalizes the results of Sections 4 and 5 to the functional
T(F) = flh(F'l(t))dK(t). In Section 7 specific comparisons are made with

0
related work of Stigler (1974), Gregory (1976), and Wellner (1977a), (1977b).

2. THE DIFFERENTIAL AND ITS STATISTICAL APPLICATIONS

Most of this section can be found in expanded form in Boos and Serfling
(1977). We begin with the definition of the differential and motivation for
its use. Lemmas 1-4 spell out the statistical properties of the differential
and Lemma 5 relates continuity of functionals to consistency of T(Pn). A
discussion of specific norms follows, including Lemmas 6-11 which provide
some convergence properties of ||Fn - F|| for these norms. Lastly, Theorems
1, 2, and 3 provide (1.4), (1.5), and (1.6) for the usual situation of I.YD,
Tr.v.'s,

Let T be a real-valued functional defined on a convex set F of d.f.'s.
Denote by 7(F) the linear space generated by differences H-G of members of

F, i.e.,
D(F) = {A: 4 = a(H-G), H,G e F, a € R},

Assume ?(F) is equipped with a norm ||+||, to be specified later.
DEFINITION. We say that a functional T defined on F has a differential

at the point F ¢ F w.r.t. the norm ||-|| and the set G, ¢ F if there exists

-6-




a quantity T(F; A) defined on A € U(F), which is linear in the argument A

and satisfies the condition

2.1) lim 2(6) - T1(F) - T(F; G-F) .

G- Flé *10 ll6-F||

T(F; 4) is called the '"differential." By linearity of T(F; A) is meant that

for Bis vees Ak e ?(F) and real a,,

(2.1) is easier to show for special choices of GF‘ When mention of GF is

omitted, it will be assumed that GF = F.

The intuitive content of the above definition is that T(G) - T(F) can

be closely approximated by the differential T(F; G-F), whose linearity property

can then be exploited. An alternative statement of (2.1) is
(2.2) T(G) - T(F) = T(F; G-F) + o(||S-F||) as ||G-F|| » 0, G ¢ Gp.

For statistical applications we substitute the sample d.f. Fn for G and find

that T(Fn) - T(F) is approximated closely by T(F; Fn - F) in a stochastic

sense (to be made clear in the lemmas below). In order to examine T(F; Fn-F),

recall that for a sample X i xn, the sample d.f. may be written as

R
-1 n

F_=n GX , where 6 denotes the d.f. of a r.v. degenerate at x. Then,

n i=1
by the linearity of the differential,

n
T(F; F-F) = T(F; { -p)) .= Z T(F; &, -F) .

1=1 1

:’]P-'

Vle assume throughout this paper that T(F; Gx-F) is well-defined and measurable

ces Ay, Often GF = F, although sometimes

Rt




w.T.t. the probability space induced by X. For convenience we set T(F; Gx-F) =
T[F; x] and note that T[F; x] = IQT'F(x), the influence curve of T at F (see
Hampel (1974)). (In Boos and Serfling (1977), T[F; x] = T(F; Gx-F) -

IT(F; Gx-F)dF(x); this latter expectation is 0 for L-statistics.) Thus we

see that T(F; Fn-F) reduces to an average of identically distributed r.v.'s,

T[F; Xi], which are independent if the original sample X e Xn consists of

I
} independent r.v.'s.
5 Before pursuing the statistical applications of the differential, we form-

ulate the related concept of continuity of functionals.

¥ DEFINITION. The functional T is said to be continuous at F w.r.t.
b

[l+]] and G, if

(2.3) lim T(G) = T(F) .
||G-F|| ~ 0
G e

In order to facilitate the statement of a number of short lemmas, we list

here a group of conditions. The sample d.f. Fn will always be assumed to be

generated by a sample (not necessarily independent) Xl’ . xn from a dis- 1
tribution F.
CONDITIONS.
(2.4) T has a differential at F w.r.t. ||+|| and Gps
(2.5) P{Fn € GF’ all n sufficiently large} = 1;
(2.6) lim ||Fn-F|| =0 w.p.l ;
) ad

(2.7) /EIIFn-FII = Op(l) as n > ;




/n| |F_-F||

(2.8) —— 2 0(1) asn + w.p.l ;
/Tog log n

(2.9) EF{T[F;X]} = 0, VarF{T[F;X]} = 02 >0

(2.10) Xl, ey Xn are independent and identically distributed with d.f. F.

REMARKS. (i) For some applicatinns, conditions (2.5) and (2.6) may be
replaced by weaker versions using convergence in probability. (ii) Condition
(2.7) is equivalent to the condition that the sequence of distributions
corresponding to /H||Fn-F|| is tight. (iii) Conditions (2.9) and (2.10)

imply the classical central limit theorem

n
2.11) I TIF:x) L N(0,0%) as n + = ,
i=1

17

and the classical law of the i%erated logarithm

) T[F;X,]
(2.12) 1im 121 =1 wp.l. 0
n-o

v20%n log log n

The following lemmas provide the foundation for using the differential and
the related concept of continuity in statistics. The proofs are trivial and
will be ommitted for all but Lemma 4.

LEM1A 1. If (2.4), (2.5), and (2.6) hold, then

T(F,) - TE) - T(FF -F)

lim =0 w.p.1l. ,
e T

or equivalently

T(F) - T(F) = L

LR b=

T[F;X,] + o(lan-FII)as n-+e wp.l,

i=1

190




l LEMA 2. If (2.4), (2.5), and (2.7) hold, then

/A(T(F ) - T(F) - T(F;F -F)) P> 0asn+= .
LETA 3. If (2.4), (2.5), (2.7), (2.9), and (2.10) hold, then
) ATED - T(F) == N(0,0%) as n > = .

(Note that conditions (2.9 and (2.10) are used here only to get (2.11).)
LEMMA 4. If (2.4), (2.5), (2.8), (2.9), and (2.10) hold, then

AT - T(F))
lim =1 w.p.1

ey /502 log log n

(Note that condition (2.10) is needed here only to get (2.12).)

PROOF. Write T(F ) - T(F) as
T(F ) - T(F) = [T(F ) - T(F) - T(F;F -F)] + T(F;F_-F).

By (2.12),

___ /AT(F;F_-F)
! Iim L s 1 w.p.l.

L /502 log log n

Thus it suffices to show that

1im /E[T(Fn) - T(F) - T(F;F -F)]

n-+e

=0 w.p.l.

/502 log log n

Write this last expression as

T(F ) - T(F) - T(F;F -F) /E]]Fn..r:”

l,Fn_FII v20° log log n

-10-




The first term converges to O w.p.l by Lemma 1, and the second term is 4
bounded w.p.1. by (2.8). O
LEifA 5. If (2.3), (2.5), and (2.6) hold, then
lim T(F ) = T(F) w.p.l .
Hn n
The general statistical application of the differential and of continuity

is well characterized by the preceding five lemmas. It should be clear how to

x5

extend Lemmas 3 and 4 to the case of dependent variables. After presenting a
¢ 1 t

:s class of norms which satisfy (2.6) - (2.8), we will apply the above general
;- : results to get Theorems 1, 2, and 3 which provide strong consistency, asymptotic
B normality, and an LIL for T(Fn) in the case of I.I.D. r.v.'s.
The statistical value of the theory developed in this section depends E
heavily on the choice of norm ||+||. In fact, the norm must serve two some- ;

what conflicting purposes. For satisfaction of (2.1) of the definition of
the differential, we would like a relatively ''large' norm, whereas conditions
(2.6)-(2.8) are most easily satisfied for 'small" norms. We now introduce

a class of norms for which a number of useful stochastic results are available. 5

Let F be a fixed d.f. and let the closure of (xl,xz) be the smallest
interval (possibly infinite) containing the support Sg of F. Let F =
{d.f. G: SGCSF}’ and let D(F) be the companion linear space of differences.
For a bounded positive function q on (0,1), we define

A(x)
(2.13) | 1a]] = sup , A e D(F).
q(F) X, <x<x, q(F(x))

RN T L ST T RN O T

For q(t)z1 we get the usual sup-norm, ||a[]_ = |a(x)|, since on P(F)

la)].

) Sa—

we have sup |A(X)| - sup_m<x<¢
2

X, €x<
1 X

il




Y T T O T Ty T -

——

The important choices of q function are those for which q(t) + 0 as t + 0

and 1. They produce nonequivalent norms which are "larger' than ||:||_, for

(2.14) Hally s Hall I8l gy 8 € 2.

The potential use of such norms in verifying (2.1) can be seen from the

following inequality. Let Sg = (-»,») and fa q(F(x)dx < », Then

J a(x)dx| = J[ (F(x)))q(F(x))dx

< |allyery J aFG))ax .

A similar inequality will be employed in Section 5 to show that L-functionals

have a differential w.r.t. ]l'l'q(F)'

Even though H-IIw can be viewed as a member of the larger class of q-norms,

it is advantageous to consider ||+||_ by itself. Historically, results related
to (2.6)-(2.8) for ||+||_ generally preceded the results for ||"|q(F)° For
sequences of independent and identically distributed r.v.'s, condition (2.6)
with [|+|] = ||+]|_ is just the Glivenko-Cantelli Theorem. The conclusion
of the following lemma implies (2.7) for ||-|| = ||-]]_

LEMA 6. Let {xi} be a sequence of independent obeervations on a non-
degenerate distribution F. Then

(2.15) ||F -F||, — Z.asn >,

where Z. is positive w.p.1 .
The proof of (2.15) for the case of F continuous was first given by

Kolmogorov (1933). The distribution of ZF was given explicitly and seen not

-12-
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to depend on F. Extension to the case of F having finitely many discontinuities and
not being purely atomic was obtained by Schmid (1958). Here the distribution of
ZF was given explicitly; it depends upon F in the case of discontinuities. The
general case is treated in Billingsley (1968), Section 16. See Boos and Serfling
(1977) for further discussion.

The conclusion of the next lemma yields (2.8) for ||-|| = [[-]]_.

LETIA 7. Let {Xi} be a sequence of independent observations on a distri-
bution F. Then

o alile SEle

(2.16) lim ————— = sup /2F(x)(1-F(x)) w.p.1 .
n+» vYlog log n  -w<x<e

The proof of (2.16) in the case of F continuous was given by Chung (1949).
Extension to the case of F having discontinuities is due to Richter (1974).

Now we turn to the norm ||+|]| lost of the results in the literature

q(F)’
concerning l'Fn'F'iq(F) are for F continuous. The following lemma shows how to
use such results for the purpose of verifying (2.6)-(2.8) for arbitrary F. Let
H denote the d.f. of uniform (0,1) r.v.'s.

LEM/A 8. Let {Xi} be a sequence of independent r.v.'s on a given probability
space, having distribution F. Then a sequence {Ui} of independent uniform

(0,1) r.v.'s, with sample d.f. Hn’ can be constructed such that

(2.17) ]IFn-FIIq(F) < IIHn-H|]q(H) w.p.1 , all n .

PROOF. For the given sequence {Xi}, defined on an arbitrary probability
space, it is possible by means of randomization to construct uniform (0,1)

r.v.'s {Ui} such that

-1
Xi = F (Ui) w.p.l .

1%
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This is well-known, but a construction is provided in Boos (1977). Let Hn be

F the sample d.f. of the constructed sequence {Ui} and Fn the sample d.f. of the

sequence {Xi}. Then

Fn(x) = Hn(F(x)) w.p.l ,

f‘ and
F,(x) - F(x) H (F() - F(x)|
sup -j———ﬁ—= sup
q(F(x q(F(x))
| x1<x<x2 X, <X<x, l
B
&:'
e H (t) - H(t)
‘;‘.‘ 3 < sup ——(ET—- W.p.l ’
E : o<t<1| ¢
53 ]

with equality if F is continuous. [J

The bound (2.17) aids us in the following way. Suppose that condition
(2.6), (2.7), or (2.8) holds for sequences of independent uniform (0,1) r.v.'s.
Then for arbitrary sequences {Xi}, the conclusion of the lemma allows us to
bound the quantity of interest, say Ian-FIIq(F) or /E]IFn-FIIq(F), etc., by
a quantity, IIHn-HIIq(H) or /EllHn'H‘lq(H)’ which satisfies the condition in
question.

We are now ready to use recent results relating to (2.6)-(2.8). Lemmas
E 9, 10, and 11 are taken from Wellner (1977a), O'Reilly (1974), and James (1975)

respectively. We attempt to preserve each author's notation. Each lemma is

Let #(4) denote the set of all nonnegative, nondecreasing, continuous
functions on [0,1] for which fl(l/h(t))dt < o, Let H denote the set of all h
such that h(t) = h(1-t) = h(t) for OSts%-and some h in H(4).

LEMA 9. (Wellner). Let {Ui} be a sequence of independent uniform (0,1)

r.v.'s. Let h e . Then

followed by a corollary which provides the proper extension for our application.

e e o S o i
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F(t)-t
(2.18) lim sup |7 =—| =0 w.p.1.
n+ 0stsl h(t)

Pileaiiee e o Jite bl ol sebtiiie

;  It is apparent that the conclusion of Lemma 9 can be extended to Q = {q: q is
E - bounded on [0,1] and q(t) 2 h(t) ¥t € [0,1], some h ¢ H}. The following

t corollaryfollows immediately from Lemmas 8 and 9.

28

. COROLLARY. Let {Xi} be a sequence of independent r.v.'s having distribution

F (not necessarily continuous). Let q € Ql‘ Then ;i

(2-19) lim F -F = 0 w. a1 .
i “ n HQ(F) p

Characterization of condition (2.7) for ||+]|]| = |I-||q(p) is essentially

provided by the following weak convergence result, found as Theorem 2 in O'Reilly
(1974). Let D[0,1] be the space of real-valued functions on [0,1] having only

jump discontinuities. Let pq(x,y) = SUPL oy |(x(t)-y(t))/qx)|. Since (D,Dq) |

e

is not separable, O'Reilly uses ''weak convergence' in the sense of Definition |
2.1 of Pyke and Shorack (1968). Let wb(t) be a "tied-down'' Wiener process (or ;
"Brownian bridge").

: LEMMA 10. (O'Reilly). Let q be a continuous, nonnegative function on
[0,1], bounded away from zero on [a,l-a] for some 0<u<%3 nondecreasing (non-
inereasing) on [0,a] ([1-a,1]). Let {Ui} be a sequence of independent uniform
L [0,1]) r.v.'s, and define U (t) = /H(Fn(t)-t). Then

] 1 _ehiz
(2.20) £

dt < ©» , for all ¢ > 0, i=1, 2
0

18 both a necessary and sufficient condition for the weak convergence of Un

3

to W, in (D,n,) where hy () = tq(t) and n,y(e) = tHqa-0).

=15
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Let Q2 be the set of q functions satisfying the conditions of Lemma 10
including (2.20). Let 0 = {q: q is bounded on [0,1] and q(t) 2
q*(t) ¥te[0,1], some q*(t) € Qz}. The following corollary follows from the
proof of O'Reilly's Theorem 2.

COROLLARY. Let {Xi} be a sequence of independent r.v.'s having distribution

F (not necessarily continuous). Let qeQs- Then

(2.21) /E]lpn-F||q(F) = Op(l] asn+wo ,

PROOF. Following the proof of O'Reilly's Theorem 2, let Uh and W; be
versions of Un and Wo defined on a common probability space such that

o =5 1 )
S“P05t51|un(t)'“b(t)| P’ 5 0. 0'Reilly shows that

sup Un(t)(; wb(t)l L£50 asn+o,
0stsl a(t) |
Thus
U;(t) W (t)
sup —> sup as n -+,
ostsy  |3CH) ost<1 |3(H)

Moreover, suPOStsllwo(t)/q(t)l has a (finite) distribution and by the bound
given in Lemma 8, (2.21) follows. O

The next result, due to James (1975), characterizes (2.8) for |]:|| = ||-]|
In accord with James' notation, we let W be the set of positive real-valued
functions w on [0,1] such that for some 0<6513 téw(t) is monotone increasing on
(0,6], (l-t)iw(t) is monotone decreasing on [1-6,1), and w is bounded:on-. [§51+6].
Here w plays the role of 1/q and values at 0 and 1 are arbitrary.

LEMMA 11. (James). Let Un(t) be defined as in Lenmma 10. Let w e W, If

-16-
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1

2
(2.22) I ) 4t <,
o log log (zrrey)
then
s U, (E)w(t). 3
(2.23) 1im sup |——— | = sup [t(1-t)]°w(t) w.p.1.
n+ 0sts<l |/2 log log n 0st<1

Conversely, if (2.22) diverges, then the l.h.s. of (2.23) is +» w.p.1.

Let Q4 = {q: q=1/w, wc'’ and w satisfies (2.22)} and ﬂs = {qfq is bounded on [0,1]
and a(t) 2 q*(t) VYte(n,1), sonme n*(t) ¢ 04}. ‘The ‘dlloﬁinv corollary is immediate

from Lemnas 3 and 11.

ONCLLARY.  ‘Let (Xi} be a sequence of independent r.v ‘s having distribution F

(1ot necessar<ly continuous). Let qus. Then there exists a constant M + ® such that

/n| [F_-F|]
(2.24) Tim L 1L TR
n+ Vlog log n

EXAIPLE. For any 0 < 6, < %
=4
a(t) = (ta-tn*

belongs to both Qz and Q, (and qz(t) belongs to Ql). Gaenssler and Stute (1976)

note that for q(t) = (t(l-t))i and Un(t) defined as in Lemma 10, we have

U.CC) | .
(2.25) sup _—;“ Pse asn+w
O<t<l [(t(1-t))
and
U_(t)
(2.26) sup I L5 1 asno+ e,
O<t<l |/2t(1-t) log log n

-17-
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However, the last statement of Lemma 11 tells us that the 1.h.s. of (2.26) is
¥ w.p.l. Thus a "weak" form of (2.8) holds even though (2.7) and (2.8) do
not hold. [

We conclude this section with three theorems which combine the norm theory
just discussed with Lemmas 3-5.

THEOREM 1. Suppose that T is continuous at F w.r.t. |[|+||_ (or w.r.t.

H-qu, q € Q) and G;. If (2.5) and (2.10) hold, then

(2.27) lim T(Fn) = T(F) w.p.1.

n-ro
THEOREM 2. Suppose that T has a differential at F w.r.t. ||-]]_

(or w.r.t. ”'”q(!-‘)’ q € Q) and G;. If (2.5), (2.9), and (2.10) hold, then
(2.28) AT - T(F) - N(0,0Y) aen==.

THEOREM 3. Suppose that T has a differential at F w.r.t. ||+||_ (or
w.r. t. ||-||q(F), q e Q) and G. If (2.5), (2.9), and (2.10) hold, then

— MTEF) - T(F)
(2.29) }im =1 ped

o /502 log log n

3. FURTHER PRELIMINARIES

t
Let J be integrable on [0,1]. Then K(t) = f J(u)du is absolutely continuous
0

and K'(t) = J(t) wherever J(t) is continuous. For any d.f. F, K(F(x)) is a
right continuous function of bounded variation. If J is nonnegative and
flJ(u)du = 1, then K(t) and K(F(x)) are d.f.'s.

: The following lemmas will be needed in the proofs of Theorems 4-7. Lemmas

12 and 13 allow the difference, T(F) - T(G), to be written in a convenient form.

Lemma 14 establishes a simple inequality. Let J1 be the set of all J integrable

-18-
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on [0,1]. For J e J) let F = (F: [[Flt)3(t)at]| < o,

LEMMA 12. If F ¢ F_, then
1 1 ®
(3.1 J FTR(t)dK(t) = [ xdK(F(x)) .
0 -0
PROOF. Basically we need to justify the substitution t=F(x). Let Ii = (ai’bi]
be the intervals in [0,1] such that F-l(ai,bi] = Xy where X, is a jump point of

F and F(xi) = bi and F(xi-) =a,. Then

1 ©
(3.2) [Fleyke) = § [ Fleddkee) + f F-l(e)akce) .
0 i=1 1, [0,11-U1,

Let SF be the support of F and A = {xl,xz,...} the set of jump points of F. Then

(3.3) [ xdK(F(x)) = [ xdK(F(x)) =] [ xdK(F(x)) + [ xdK(F(x)) .
- Se i=1 {x,} Sp-A
i F
We first show that
(3.4) I Fliyikee) = § f xdkFo) .
i=1 I, i=1 {xi}

Consider the i-th integral of the 1.h.s. of (3.4). "e have

[ Flt)akee) = x; [ K@) = x [K(b) - K@),
L (a;,b;]

since F'l(t) = X, for t ¢ (ai’bi]' The i-th integral of the r.h.s. of (3.4) is

[ xdK(F(x)) = x; [K(F(x;)) - K(F(x;-))]
{x,)
1

-19-




by definition of the Stieltjes integral and by substitution of F(xi) = bi’

F(xi-) = a. Thus we have term by term equality in (3.4). Now to justify

(3.5) [ Fliydke) = [ xdK(F(x))

[0,1]-UI; Sg-A

we need only note that t=F(x) is a one-to-one mapping of SF-A onto [0,1]-UIi
and apply a general change of variable lemma (e.g., Dunford and Schwartz, Vol 1,
p. 182), Equalities (3.2), (3.3), (3.4), and (3.5) give (3.1). O
Related to the preceding lemma is the familiar identity,
1

[l = [x3FE)ER,
0 -

which is valid for all continuous F, but not however, for all discontinuous F.

LEMMA 13, If Fl, FZ € FJ, then

(3.6) JIR(F (x)) - K(E,(x))]dx = [xdK(F,(x)) - [xdK(F (x)).

PROOF. This is a trivial application of integration by parts. The
result is well-known when K(t) is a d4.f. (e.g., Rao (1973), p. 95 (correcting
a misprint)). [

Combining Lemmas 12 and 13, we obtain,

(3.7) T(F) - T(G) = [[K(G(x)) - K(F(x)))dx . |

The next result relates to the quantity VG F defined for d.f.'s G and

F by
- Ve r(x)
v = sup S 5
G,F G(x)-F (x)=0 GX)-F(x)

-20-




where

VG,F(X) = K(G(x)) - K(F(x)) - (G(x) - F(x))J(F(x)) .
LEMMA 14. Suppose that J e .71 i8 bounded. Then

Voe = 211311, -

o

PROOF.

[K(G(x)) - K(F(x))]| = < [6ex) - Fe| |13l -

G(x)
[ J)du
F(x)

Thus, for G(x) = F(x),

Ve, g ) [6(x) - F)| ||3]]_ + |6(x) - Fx)| |I(x)]
COFX° [C)-F)]

< 2||J]],. O

4. ROBUST L-FUNCTIONALS

In this section we restrict J to be bounded, continuous a.e. Lebesgue and

-1

a.e. F °, and trimmed so that J(u) = 0 near 0 and 1. Specifically this

trimming is of the form

Ju) =0 u e [O,tl) u (t2,1]

for 0<tl<t2<1. As noted in Section 1, the functionals generated by these special
J functions are generally viewed as robust (for justification, see Bickel and
Lehmann (1975), I., p. 1054). iloreover, by separating this subclass from

the more general functionals of the next section, we will be able to prove

the existence of the differential under a minimum of conditions and with

respect to the simple sup-norm, ||Fn-F||°° = supIFn(x)-F(x)I.
X

3=
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Let F denote a fixed underlying d.f., and define t1 and t2 as above.
Note that we may take F=GF = {all d.f.'s}.

THEOREM 4. Suppose that
(4.1) J ig bounded and continuous a.e. Lebeegue and a.e. F'l;

4.2) Ju) = 0 for u e [ﬁ,tl) u (t,,1].

Then, for T(F) = [F l(t)J(t)dt, the differential of T(*) at F w.r.t. ||

|W

i8 given by
(4.3) T(F; &) = -JA(x)J(F(x))dx.

REMARKS. (i) Since T(F;A) is clearly linear in A, the conclusion may

be restated via (2.2) as
(4.4) T(G) - T(F) - [(F(x) - G(x))I(F(x))dx = (| |6-F||) as |[|G-F||_~ o.

(ii) If F has bounded support, then (4.2) is not required.

(iii) The "a.e. F_l" statement in (4.1) guarantees that J is continuous
where F is flat (points F(x) such that x is not in the support of F). When
J is continuous except at the trimming points t. and ty, this requirement

1

reduces to the assumption that t. and t

1
PROOF OF THEOREM 4. Since T(F;A) is linear, we need only show (4.4).

By (3.7) the 1.h.s. of (4.4) can be written as
-JIK(G(Xx) - K(F(x)) - (G(x)-Fx)I(F(x))]dx = -[V; (x)dx .

Let (a,b) be such that G(a) < tl, F(a) < tl’ G(b) > tz, F(b) > tz. Then,

since J(F(x)) and K(G(x)) - K(F(x)) are 0 outside (a,b),

33
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S B

b
IVG’F(x)dx = iVG’F(x) dx .

Let B = {x: F(x) is a discontinuity point of J} and define

Ve, p %)
WG’F(X) = G—(;S—_?t;)- if G(x) = F(x)
=0 if G(x) = F(x) .

Since B is a Lebesgue-null set (using the fact that J is continuous a.e.

F_l), we have

|IVG.F(x)dx| = [ Vg p(x)dx

(a,b)-B

| [ (6() - F()) (W (x))dx]|
(a,b)-B g

< |le-Fl], [W, p(x)[dx.
(a,é)-B ik

By definition of the derivative,

lim |WG,F(x) =0 Vxe (a,b) -8B

[l6-F[|, 0

because K'(F(x) = J(F(x)) on (a,b) - B. Since|W, o(x)| < OG . 2|]3]|, by Lemma
14, we can justify interchange of the operations of limit and integration

through use of the theorem on bounded convergence for a finite interval. That is,

[fv. c(x)dx|
lim e 1dW [ |wG p(X) dx
lle-E[|_+0 [l|c-F|], ||G-F|]_~ 0 (a,b)-B| ™’
= f lim W x)t'x=0.0
(a,b)-B |1~-7[]_ » o| e
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Asymptotic normality and an LIL follow easily from Theorems 2, 3, and 4.

Note that for the differential defined in Theorem 4, we have

(4.5) T[F;x] = T(F;6 -F) = f[F(t)-I(xStj]J(F(t))dt.

Thus

(4.6) EL{T[F;X]} = 0,

and

(4.7 o = Var {T[F;X]} = z ?J(F(s))J(F(t))(F(min(s,t) - F(s)F(t))dsdt.

COROLLARY. Suppose that J and F satisfy (4.1) and (4.2) and that 02 > 0.

Let {Xi} be a sequence of independent r.v.'s having distribution F. Then
L 2
(4.8) /E(T(Fn)-T(F)) ——> N(0,0°) asn > =,

and

___/n(T(F )-T(F))
(4.9) Tim = =1 wp.l.
n>o© -

/ﬁoz log log n

PROOF. Condition (2.9) is given by (4.6) and the assumption that 02 > 0.
Condition (2.5) is satisfied since GF in this case is the set of all d.f.'s.
Condition (2.10) holds by hypothesis and Theorem 4 provides the existence of
the differential. Thus the conditions of Theorems 2 and 3 are satisfied.

We could formulate the above corollary for dependent variables also.
Specifically, for (4.8), we could replace the independence assumption by the
assumption that the {X;} satisfy (2.11) and (2.7) with [1<I] = |l-]l_,. For
(4.9), we would need (2.12) and (2.8) with ||<]|] = ||+]]

.
-
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Note that (4.9) yields strong consistency of T(Fn)' However, by appeal

to continuity of T, we can slightly relax (4.1).
THEORE 5. Suppose that J is integrable on [0,1] and bounded and that

(4.2) holds. Then T is continuous at F w.r.t. ||<||_. Further, if {x;} s

4 a sequence of independent r.v.'s having distribution F, then
:i

| (4.10) lim T(F.) = T(F) w.p.1 .

1 N n

\

PROOF. Let (a,b) be as in the proof of Theorem 4. Then

IT@-T®)| = |[KEE) - KEE)Ix]
a

A

[b-a| [l3]], [lG-F].

Thus T is continuous at F w.r.t. ||+]|_, and an appeal to Theorem 1 yields
4.10). @

EXAMPLES. (i) The trimmed mean.

J(t) = 45—

]

[}

|
a
IA
(32
IA
e

S NN J(t)
1-a -a, |

(ii) The cmoothly trimmed mean (from Stigler (1973)). Let a = 1-02 = q

and ¢ be a constant.

|
E |
1
|
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4 all2c a
J(t) ‘[t-z—] [—a—], 5‘5 t <a
= C, a<tsl-a
_ 2c a
= [1 2 t] [?], l-a st < 1"2'
=0, 0.w
J(t
. )
l/
#
0 o l-o 1-a 1
2 2

Fliray-rlase
- .

(iii) Consider the interquartile range, This functional

is obtained from (1.1) by letting K(t) placemass:%-at F'1(3/4) and -%-at
F'1(1/4). Although Theorem 4 doesn't apply, directly to discrete K(t) we can

r-1(3/4)-F"
3

1
(1/4).by a functional with absolutely continuous K(t).

approximate
Let
-1 1-46 1 1
J(t)=—-toj St 2=
|3 (1+46) 1 1
» Jatalt - =S t<s=—+8
L262J | 862, - #
(1), (3-46) 3 3
& t - , =y st <
‘;;71 _ 862] 4 4




=g 1
A
o v
.

>l

On) =

; [o2]
.

-1 | ‘
28 |

The area within each spike is %w Note that for this functional as well as for
the smoothly trimmed mean, J is continuous everywhere. Thus Theorem 4 applies

to these functionals for any d.f. F.

5. GENERAL L-FUNCTIONALS
In this section we remove the trimming restriction on J. In order to
deal with the weight placed on the extremes of F, we will use the q-norms
introduced in Section 2. Let

F={F: |[Fl(t)3t)dt| < =} and G, = (G: G e Fands;c s,

where SF is the support of F. Let q be a bounded positive function on (0,1).

THEORE! 6. Suppose that J, q, and F ¢ F satisfy (4.1) and
(5.1) Ja(F(x))ax < = .

Then the differential of T(F) = [F 1 (t)J(t)dt at F w.r.t. and 6,

1+ g ey
i8 given by (4.3).
REMARKS. Condition (5.1) governs the tails of F. For q(t) = [t(l-t)]i'al,

(5.1) becomes

(5.2) JFx) (1-F(x)))2"%1dx < = .

27w
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Stigler 1974, p. 685) notes that I(F(x)(l-F(x)))idx < » is almost the same as
the existence of a finite 2nd movement. [)
PROOF OF THEOREM 6. We must show IVG’F(x)dx = o(i|G-F|]q(F)) as
||G-F||q(F) + 0, G e G;. Define B as in the proof of Theorem 4 and let the closure of
(xl,xz) be the smallest interval (possibly infinite) containing SF' Then

for G ¢ GF we have

lfVG,F(x)dx f VG’F(x)dx

(xl,xz)-B

6(x)-F (x)
(Xl,xz)-B[ q(F(x) ] {WG,F(X)J q(F (x))dx

q (F (x))dx.

IA

[lc-Fl| gk
q(F) i

WG F(x)
1,xz)—B

Once again we have only to show that the interchange of limit and inte-

gration is valid, since

lim W, (x)| = 0 ¥ x e(x,,x,) - B.
16-F1 g gy Pasals 172

GeGF

(Recall that for G e G, 'G(x)‘F(x)|5"G‘F'|,5|IQIImlIG-Fllq(F)VX-) In this
case we appeal to dominated convergence by way of Lemma 14. That is, by

Lemma 14,

lwb,F(x)lq(F(x)) s GG’Fq(F(x)) s 2||3]], aF(x)),

and the r.h.s. is integrable by (5.1). Thus for G € GF, we have
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1!VG’F(x)dx|

lim <
16-Fll ey 1611 ey

lim / IWG’F(x)Iq(F(x))dx
IIG-FI|q(F)*o (xl’xz)-B

= / 1im IWG F(x)[q(F(x))dx = 0. (]
(xl’xz)-B ||G-F||q(F)+o ’

Note that unbounded J's could be allowed if the above interchange of
operations could be justified in such a situation. Asymptotic normality
and an LIL are provided by the following corollary.

COROLLARY. Suppose that o? defined by (4.7) ie finite and positive. Let

{Xi} be a sequence of independent r.v.'s having distribution F. If q € Q3
and J and F € F satisfy (4.1) and (5.1), then (4.8) holds. If q ¢ Q5 and
Jand ¥ € F zatigfy (4.1) and (5.1), then (4.9) holds.

The following analogue of Theorem S gives continuity of T and strong
consistency of T(Fn).

THEOREM 7. Let q ¢ Ql' Suppose that J is integrable on [0,1] and
bounded and that (5.1) holds. Then T is continuous at F w.r.t. ||°|Iq(F)'
Further, if {X;} is a sequence of independent r.v.'s having distribution F,
then (4.10) holds.

PROOF.

IT@)-T(F)| = |[[K(G(x))-K(F(x))]dx]| s
< |13]], fl6(x)-F(x)|dx
< ”J”,,HG‘F'Iq(F) IQ(F(X))dx- 0 H

EXAMPLES. (i) The mean, J(t)=1. In this case Lemma 12 yields the

familiar identity

1
[Fl)ar = [ xdF(x).
0
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(ii) Gini's mean difference, J(t) = t - %.

(iii) A location estimator suggested by Bickel (1973), J(t) = 6t(1-t).

6. EXTENSION TO A LARGER CLASS OF L-FUNCTIONALS

Some authors consider the slightly more general statistic 22=1cinh(xin)

(e.g. Chernoff, Gastwirth, and Johns(1967)). Similarly, our functional is

1

(6.1) T - é n(Fle))dee) .

Since h(x) = x is commonly the function used in applications, attention has
been confined to this case in Sections 3-5. However, it is easy to extend
the results of those sections to T defined by (6.1). Let H1 be the set of
continuous functions h defined on (-«,») such that h = h* - h” for monotone
increasing functions h' and h™. For h ¢ Hy let Fh = {F: lfh(F'l(t))dK(t)I < w},
First we give without proof the analogues to Lemmas 12 and 13.

LEMJA 12*. If F ¢ Fh, then

1

[ ))daK) = [ h(x)dK(F(X)).
0 -

) *
LEMA 13%. If F,F, ¢ F, then

I(K(fo))-K(Fz(x)))dh(x) = fh(x)dK(Fz(x)) - Ih(x)dK(Fl(x)).

Let Hh be the measure corresponding to h* + h™ and let B be defined as
in the proof of Theorem 4. The following are analogues to Theorems 4 and 6.
We omit the proofs as well as the analogues to Theorems S and 7.

THEOREM 4.* Suppose that J, h, and F ¢ Fh satigfy (4.2) and

(6.2) J 18 bounded and continuous a.e. Uy and uh(B) = 0.

=30




Then T defined by (6.1) has a differential at F w.r.t. ||-||_ given by

(6.3) T(F;8) = -[A(x)J(F(x))dh(x).

THEOREM 6.* Suppose that J, h, q, and F ¢ Fh satisfy (6.2) and
(6.4) [fa(Fx))dh(x) | < =.

Then T defined by (6.1) has a differential at F w.r.t. ll'l'q(F) and
Gp = {G: G e Fh and S € S;} given by (6.3).
Bickel and Lehmann (1976, III) discuss the functional

1
1 i
(6.5) (F) = [5 (F;‘c:))“dx(ti]“,

where F denotes the distribution of |X-u| when X has distribution F, u is
& /"'c-m constant, a > 0, and K(t) is a d.f. on (0,1). As a functional of
F, (6.5) is not amzcnable to our methods. However, if we let t(F) = T(Fu)’
a functional of Fu, it is easy to see that [T(Fu)]a has the appropriate form,
with h(x) = x Then, assuming the conditions of Theorem 4* (or Theorem 6*),

|+

we have that the differential of [T(-)]a at Fu w.r.t.

|, (or w.r.t. ||.||q(F)

and GF ) is given by
u

(6.6) T(F,;8) = -fA(x)J(Fu(x))d(xa) :

Since we really want the differential of T(-) rather than the differential
of [T(+)]®, the following "chain rule" is required.

LEMMA 15. Let f(x) be a real-valued function, f: R+R, with a derivative
at x=T(F), £'(T(F)). Suppose further that the functional T(:) has a differ-

ential at F w.r.t. ||+|| and 7, given by T(F; G-F), and that T(G) - T(F) is

«3]-




5
B
i 0(||G-F||) as ||G-F||+0. Then the composite functional S(*) = £(T(*)) has a
E differential w.r.t. ||+|| and Gg given by

; 6.7) S(F;8) = £'(T(F))T(F;A). 1
?

b PROOF. Trivial.

&~ We apply this lemma with f(x) = xlla, so that f'(x) = (xl/a'l)/a. Combining

E

(6.6) and (6.7), we obtain

[TE’ o .
BP0 & e g (F, (x)-G(x))J(F, (x))d(x").

EXAMPLE. Let (u,0°) be the mean and variance of F, a=2, and K(t)=t.

Then T(Fu) is the standard deviation o of F, and the differential is

: | fE,w-cmaed)  [Facm-F, )
: I B ity ) i

! For a sample xl""’xn of independent r.v.'s with distribution F, let

Yi-IXi-ul and F = be the sample d.f. formed from the Y.'s. Then substitution

1 i . 5
‘ of G=Fun in (6.8) yields

2
[x%(F _(x)-F (x)) y.2-o
: . e TR o

T(Fu’Fun'Fu) 20 n i=1{ 20 J°

1 Since E(Yiz-oz) = 0, and E(Yiz-oz)2 = E(X-u)4 - 04, the central limit theorem

; yields (via Lemma 2) that

4 4
AT ) - o) —> N, BELXB) 0 }oe 11 o o,
e 402 {

«3Du




This last result could have been anticipated since T(Fun) turns out to be the

usual estimator of o:

f xzd(x(-xsxi-usx))]é
10

T, = U xar 01 -

[
—
El Lo

e~

i

& I amit
i=1
7. CONCLUSIONS AND COMPARISONS

Stigler (1974) provides good motivation for the use of L-statistics
which are generated by smooth weight functions J. One inherent value of
these statistics is that the theorems justifying their use (asymptotic
normality, etc.) place the force of the restricting conditions on J (over
which we have control) rather than on F, which is often only partially known.
Thus, practicing statisticians can actually verify, rather than assume, most
of the needed hypotheses. From consideration of counterexamples, it appears
that J continuous a.e. F'1 is essentially a necessary condition for asymptotic
normality (c.f. Stigler (1974), Section 5.6). Requiring J to be bounded is
not very restrictive, since in most situations, unbounded J functions would
produce notoriously nonrobust estimators. Hence, J bounded and continuous
a.e. F'1 is a natural restriction which we and Stigler (1974) have in common.
The additional requirement that J be continuous a.e. Lebesgue is necessary
for our Theorems 4 and 6 and Stigler needs it for several of his theorems

(c.f. Stigler (1974), Theorems 3 and 4). It should be noted that Stigler's

4 Joli

statistic, defined by

:Slu-
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is somewhat different from our (1.3). Nevertheless, both converge to
fF‘l(t)J(t)dt, and rough comparisons can be made. Basically, Stigler's
Theorems 2 and 5, which establish

S_-E(S.)
(7.1) -gfg—jﬂ—-—5-> N(0,1) as n + = ,
n

require a little less than our Theorems 4 and 6. However, for practical use,
(7.1) is needed with E(Sn) replaced by fF'l(t)J(t)dt and o(Sn) replaced by

o defined by (4.6). To accomplish this, Stigler requires stronger assumptions
on J than our (4.1) (see Theorem 4, Stigler (1974)). On the other hand, the
tail condition (5.2) is not quite as mild as [[(F(x))(1-F(x))]%dx < =, the one
given in Stigler's Theorem 4. Stigler extends to certain independent but
non-identically distributed variables, whereas we can extend to identically
distributed but dependent variables. Of course, our method also establishes
strong consistency and an LIL without additional assumptions.

The results of Gregory (1976), like ours, are obtained by differential
methods. He proves Theorem 4* for J bounded and continuous and F absolutely
continuous. It appears that his use of the chain rules associated with
formal Frechet differentiation requires J to be continuous everywhere. This
indicates the power of our more flexible version of the differential approach.
Weakening of the absolutely continuous assumption on F could be made via our
Lemma 8. Also, his special q function yields a little sharper asymptotic
normality result, though it doesn't appear to belong to 03 or QS‘

Wellner (1977a), (1977b) provides somewhat more general results for
strong consistency and the LIL. In particular, his LIL is of the Strassen

type and allows combinations of quantiles as well.

2Pl




We see that Theorems 4-7 provide improved results with regard to asymptotic

normality of L-statistics and additional results for strong consistency and
the LIL. Furthermore, applications to different situations involving depen-
dence are straightforward as the relevant theory concerning lan-Fll becomes

available.
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L-statistics of

-1 A
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by substitution of the sample d.f. Fn for F. Under the mild assumption that J is

bounded and continuous a.e. Lebesgue and a.e. F-1 and under a tail restriction on F

of the form [q(F(x))dx < » (e.g., q(t) = [t(l-t)]é-é, 0 <6 < %), it is shown that
T(-) has a Frechet-type differential. The tail restriction may be dropped if J trims
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leads to strong consistency, T(Fn) _ERl_> T(F). No continuity restrictions are

imposed on F, so that the results are applicable to a wide class of distributions of

interest in robust estimation. Illustration is provided by examples including the
trimmed mean, the smoothly trimmed mean, and approximations to the interquartile range.
The asymptotic normality result is competitive with ong)of Stigler (1974) for the

o 1 ; s
closely related statistic Sn = Zi-lcinx obtained under stronger conditions on J

in’
but a slightly milder condition on F. However, in addition to asymptotic normality
of T(Fn), the differential approach of the present paper yields characterization of
the almost sure behavior of T(Fn) and lends itself to straightforward extension to

the case of dependent variables.




